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The quantisation of gauge theories usuaUy procedes through the introduction of ghost fields and 
BRST symmetry. A long-standing issue for quantum gauge theory in the presence of boundaries 
has been the fact that BRST-invariant boundary value problems for the gauge field operators can 
be non-elliptic, and the definition of the effective action using heat-kernel techniques becomes prob- 
lematic. This paper examines general classes of BRST-invariant boundary conditions and presents 
new boundary conditions for quantum gravity which fix the extrinsic curvature on the boundary, 
but which are non-elliptic. This prompts a discussion of the wider issue of non-ellipticity in BRST- 
invariant boundary value problems and leads to a method for constructing the heat kernel for these 
boundary-value problems. 
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I. INTRODUCTION 



BRST-invariant boundary value problems arise in the quantum theory of gauge fields. A long-standing problem 
in gauge theory has been the fact that the BRST invariant boundary value problem for quantum gravity is non- 
eUiptic [Il-i]. As a consequence, physical quantities, such as the scaling behaviour of coupling constants or coefficients 
of anomalies, are potentially ill-defined. This paper explores the wider issue of non-ellipticity in BRST-invariant 
boundary value problems and shows how the effects of non-ellipticity can be overcome. 

Boundary value problems are common in quantum gauge theory. Quantum effects are determined by a one-loop 
effective action, (formally) given by logdetP, where P is a second-order differential operator with an appropriate 
set of boundary conditions. The scaling behaviour of coupling constants is determined by the assymptotics of the 
heat kernel of P (7h12i| . Possibly the earliest example was the derivation of the Casimir force between two parallel 
conducting plates in terms of quantum vacuum polarization In the 1980's, boundary value problems arose in 

connection with the calculation of the Hartle-Hawking wave function of the universe [l^, and later they appeared 
in the theory of strings and branes [l5| . Recently, boundary value problems have featured in the theory of brane 
cosmology [Ig] and membranes I17|. 



Early work on quantum gravity |18l - l21| indicated that the boundary conditions would require combinations of zeroth 
and first order normal derivatives, which in the literature on quantum field theory are often called 'mixed type'. In 
the general situation we have a field (j) which is a section of a vector bundle V over a compact manifold with boundary. 
The vector bundle is decomposed at the boundary into V = Vd ® Vn by projection matrices Pd and P/y. Given a 
normal normal derivative Vn and an endomorphism ip, then mixed boundary conditions are 



If ijj is replaced by a differential operator acting on the boundary, then we call these boundary conditions 'mixed type 
with tangential derivatives'. 

In BRST systems, the ordinary fields (j) are accompanied by ghost fields c which are sections of another vector 
bundle 14 . Fields and ghosts are related by a BRST symmetry s, defined by a differential operator D, 



We shall adopt the point of view that BRST invariance is an essential feature of quantum gauge theory and that, 
in particular, the boundary conditions should be invariant under ^ 22] 23]. We also restrict attention to mixed 
boundary conditions. BSRT invariant boundary conditions of mixed type have been found for Maxwell gauge theory 
and antisymmetric-tensor theory [23, HBj . 

The BRST invariant boundary conditions commonly used for quantum gravity are of mixed type with tangential 
derivatives [isl [2ll . [22l . [23 . These boundary conditions lead to a non-elliptic boundary value problem when applied 
to the graviton operator [l|-l6| . The first step towards extracting physical predictions would normally be to construct 
the heat kernel of the graviton operator, but this procedure is problematic when faced with a non-elliptic system. A 
new set of BRST invariant boundary conditions which fix the extrinsic curvature will be introduced in this paper, 
but these new boundary conditions are still non-elliptic. 

We shall see in the following sections that non-elliptic boundary value problems are typical of BRST-invariant 
boundary conditions. The main result of this paper is that, in many cases, the non-ellipticity can be explained as a 
residual gauge invariance in the system, and the heat kernel can be defined by omitting the residual gauge modes. 
Examples will be given in which the process of leaving out the gauge modes gives equivalent results to defining the 
heat kernel for a related elliptic BRST-invariant boundary value problem. 

Some prior indications have suggested that the generalised zeta function of the operators relevant to quantum 
gravity could be constructed despite the non-ellipticity of the boundary value problem and divergences in the heat 
kernel @, [1^ [13] . An earlier suggestion was that the problems of non-ellipticity could be overcome by using non- 
Laplacian operators @ , but BRST invariance results in non-elliptic boundary value problems even when the operators 
are not Laplacian, and the heat kernel remains ill-defined. 

There are various techniques for dealing with specific non-elliptic boundary value problems in other areas of math- 
ematical physics [28j . One strategy involves imposing additional boundary conditions and relating the problem of 
interest to an elliptic boundary value problem. The approach adopted here has some similarities, especially when 
we can relate the problem to an elliptic BRST boundary value problem. However, the process of projecting out the 
residual zero modes which we use is not necessarily realisable by additional local boundary conditions. 

The plan of this paper is as follows. Section 2 gives a general account of BRST invariant boundary conditions 
for a one-dimensional system. Section 3 extends this to field theory, with explicit results for Maxwell theory and 
linearised gravity. Section 4 gets to grip with the issue of non-ellipticity, its relation to residual gauge freedoms and 
its resolution. General remarks are made in section 5. 




Pd0 = O, (V„ + i/^)Pw0 = 0. 



(1) 



s<j} — Dc. 



(2) 
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The conventions used in this paper are as follows. Spacetime is replaced by a manifold with boundary, on which 
there is a Riemannian metric and a Levi-Civita connection or ; /i. On the boundary, the unit normal vector is 
ingoing and the induced connection \i. 

II. BRST INVARIANT BOUNDARY CONDITIONS 

We begin with a general account of the BRST invariant boundary conditions which will be used in subsequent 
sections. We shall follow Ref. [12], including some of the details which were omitted in the earlier treatment. The 
relevant features of BRST invariance can be described in a simple one-dimensional system with an abelian gauge 
symmetry. The boundary consists of just two points, representing the initial time and the final time. The time 
coordinate will eventually become the normal coordinate to the boundary when we deal with field theory and more 
dimensions. 

Consider the one dimensional system with coordinates q — {qi,qa) and Lagrangian 

Lq{qiAi,qa)- (3) 

A Lagrangian of this form has a set of primary constraints 7r° = 0, where tt^ are the momenta conjugate to qa- The 
equations of motion tt" = lead to a set of secondary constraints — 0, where 

= -f^- (4) 
^ oqa 

The gauge symmetry can be converted into a BRST symmetry s, with ant i- commuting ghosts Ca- We take the BRST 
symmetry to be linear, with transformations 

Sqi = Qfi^Ca, Sqa = Ca+ PaCb, (5) 

for some functions a^" and pj' depending only on t. Gauge invariance of the action implies that the Lagrangian 
transforms by a total derivative, which we can write as a term linear in Ca with coefficient rj°'{qi, qa), 

sLg = {r,-Ca)- . (6) 

If we just examine the Ca part of the BRST transformed Lagrangian sLq we find 

= a,V^ - rf, (7) 

where tt* are the momenta conjugate to qi. The BRST transformation of tt* can be found by differentiating sLq with 
respect to qt, 

= 5^^- (8) 

The gauge symmetry is fixed by introducing auxiliary fields &° and gauge-fixing functions Fa{qA), which we take 
to be of the form 

J^a = qa + Vaqi+ Xa{q), (9) 

where Ua are functions of t. The gauge-fixing and ghost Lagrangians are then 

Lgf=b'^Ta-\c^Gabb''b\ (10) 
Lgh = -C^sFa + [<f'Sqa), (11) 

where ^ is a constant and Gab is a symmetric invertible matrix. The total derivative term is added to ensure that the 
Lagrangian is first order in time-derivatives. BRST symmetry is imposed by requiring that 

SC° = 6", SCa = sb" = 0. (12) 

Note that, due to the addition of the total derivite terms, the total Lagrangian L transforms under BRST by a total 
derivative, sL = dj/dt, where 

j = V''Ca+Sc'' sqa. (13) 
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The ghost and anti-ghost momenta will be denoted by p° and Pa respectively. The momenta obtained from the 
Lagrangian L are 

Pa = Ca+ fiaCh, (14) 

tt'^ = 6'^, (15) 

TT^ =< + J^a'6°. (16) 

At this stage we transform from configuration space to momentum space. The BRST transformations can all be 
obtained from a BRST charge f2((7, tt, c,p) using Poisson brackets 

sz=[z,n]. (17) 

The canonical Poisson brackets are 

[q^,^']=5^, [Ca,p'']=5a\ [c^pJ=,S^. (18) 

Examination of the transformations Eqs. ([8|) and (fT2|) reveals that the BRST charge is 

f7=p,7r'^ + Ca(a."^^-7?"). (19) 

This is equivalent to using the formula 

n = sq, TT* + sqa tt" + sc° Pa - j, (20) 

where j is given in Eq. ([T^ . We can also eliminate the auxiliary field 6° using the field equations and use Eq. ([7]) to 
express the BRST charge in terms of the gauge-fixing and constraint functions [1^, 

n=PaE'' + CaE'', (21) 

where E°- = ^C^^Tb and E"" = a^^Tr* — ry°. This was used as the starting point for ref. [22|. 

We look for boundary conditions in configuration space which are BRST invariant. The simplest possibility is a 
vanishing-ghost condition with qi fixed, 

= c'^ = 6" ^ 0, q, fixed. (22) 

These boundary conditions are standard in the BRST formalism, see for example [l^. If we eliminate b"" using the 
field equation b°- — ^C^^Tb and use Eq. ([9]) for the gauge-fixing functions, then we arrive at a set of boundary 
conditions which we denote by Bm, 

Bm ■■ Ca = c°^ = qa + faqi + Xa{q) ^0, fixed. (23) 

The BRST invariance of the boundary conditions in this form is restricted due to the elimination of 6°. If we define 
the ghost operator Pc by PcC = —SC/Sc, then 

sT = -PcC. (24) 

Note that the boundary value problem for the eigenfunctions is still fully BRST invariant, since PcC — \c — Q on 
the boundary. We shall describe a set of boundary conditions as BRST invariant if they are BRST invariant for the 
eigenvalue problem. 

The generalisation of the boundary conditions ((23| to electromagnetic field theory fixes the magnetic field on a 
spacelike boundary. There are other possibilities, however, one being a vanishing-ghost condition with the momenta 
TT* held fixed, which we denote hy Be, 

Be- Ca = c°- = qa + Vaqi + Xa{q) = Q, TT* fixed. (25) 

These correspond in electromagnetism to fixing the the electric field on a spacelike boundary. When we generalise 
to more than one dimension, these boundary conditions resemble the mixed type of boundary condition ([T]) but in 
general the Xa{q) terms introduce derivatives tangential to the boundary. 

Many other sets of BRST invariant boundary conditions can be constructed. The most general set of linear boundary 
conditions can be found by starting from the basic set (j23p and applying canonical transformations which preserve 



5 



the form of the BRST operator [25]. This leads to a family of boundary conditions which depends on matrices B, D 
and F, 

Bb^'E" + Db^E^ = 0, (26) 
Sfc V + ^b^c^ = 0, (27) 
Bjpb - Da''cb = 0, (28) 
Ba^'qb + Da'q, + Fa,^' fixed, (29) 

where Dj" = Datti"" — Faidrf / dqi. It is simple to check directly that these form a BRST invariant set, but they are 
not necessarily of the simple mixed type (H]) when generalised to field theory, because the constraint functions E"" are 
typically second order in tangential derivatives. However, examination of Eq. ([7|) reveals that for special cases where 

r?" = a^'^r, (30) 

for some function f ^{q), then E"- — Q;i°(7r* — /*). This allows us to reduce the number of tangential derivatives. The 
corresponding set of BRST-invariant boundary conditions is denoted by B'^, 

B'e-. p''^Pa^qa=Q, TT^-f fixed, (31) 

This set is equivalent to setting Ba^ = 5 J' and = in (|26ll29p . These are of the mixed type, and for electromag- 
netism it turns out that they have no tangential derivatives. Eq. (|30p can be regarded as an integrability condition 
for the existence of the boundary conditions B'^. 

Up to now we have assumed that the Lagrangian Lq is presented in a form which has primary constraints tt^ = 0, 
but this is often not the case. Suppose, instead, that a Lagrangian L'^ has primary constraints tt^' = f°'{q)- In this 
situation, we can introduce a canonical transformation generated by, 

L' = L + e, (32) 

where e = t{qi, qa-c°^ , Ca)- The momenta for L' and L are related by 

Be 

1T''=TI' + J-, (33) 

oqi 

7r^'^n'^ + ^, (34) 
oqa 

P'"=P'' + ^, (35) 

OCa 

Note that application of the formula pO|) leaves value of the the BRST generator unchanged. However, the boundary 
condition tt* = is not BRST invariant. What we will do in this case is determine the function e which transforms 
the constraint into — 0, 



de _ dL'q 



(37) 



dqa dqa ' 
The boundary condition ([25]) becomes 

Be- Ca^c"- ^qa + i^aqr+Xaiq) =0, vt'' - 9e/% fixed. (38) 

Finally, we can express the BRST transformations ([5]) on the field in a more symmetric form suitable for extending 
to field theory by introducing an operator D, 

sq = Dc. (39) 
We also introduce a bilinear product on the function spaces, 

{q, q') ^ j dt {G'^q^q/ + G''\qa + l^a'q^){qb + ^b' q,')) , (40) 

(C,C') = / dtC'^'CaCb', (41) 
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where Gij is defined by 

= ^J^. (42) 

We can always arrange that the gauge-fixing function is given by the adjoint operator D'^ obtained from D using 
the bilinear product, 

F=-D'^q. (43) 
The equations of motion derived from the lagrangian L become 

Pqq + iDD\ = 0, (44) 
D'^Dc = Q, (45) 

where Pqq = is the field equation obtained before adding the gauge-fixing terms. In the case ^ = 1, the leading- 
derivative term in the field equation takes a simple form q. 



III. FIELD THEORIES 



In this section we shall consider the application of BRST boundary conditions to linearised gauge field theories. 
The gauge-invariant action for a set of fields f is of the form 

= d^C^+ d^iCb, (46) 

J M JdM 

where is a Riemannian manifold with metric (7^^, volume measure d/i, Levy-Civita connection and boundary 
dAi. We can set up a normal coordinate system close to the boundary with the coordinate t along the unit normal 
direction and i = on the boundary. 

The quadratic action for the linearized fields arises from expanding of the fields about a background field con- 
figuration. This background can be chosen to satisfy an inhomogeneous boundary value problem for the classical 
field equations. We shall therefore focus on the homogenous boundary value problems for the field fluctuations. The 
quadratic action defines a second order o per ator which can be used in a path integral to relate the one-loop effective 
action to the heat kernel of the operator |3Cll . [3ll | . 



A. Maxwell theory 

The simplest example is provided by vacuum electrodynamics in curved space with Maxwell field A^^ and field 
strength = A^^^ — A^^^- The Lagrangian density is the usual Maxwell form 



A = Ti^M.J^'^^ (47) 



with BRST symmetry 

sAf, = C;^, (48) 

and Lorentz gauge-fixing function 

^-g^'-A^;,. (49) 

Under the BRST symmetry, sCq — with no boundary terms. 

In order to set up the phase space near the boundary dM. we need to decompose the Maxwell field into tangential 
and normal components [Ai,A) (see appendix). Decomposition of the Lagrangian density gives momenta 

TT* = h'^ i^Aj -A\j+ Kj'^Ak^ , TT = b. (50) 

A similar reduction of the the gauge-fixing function gives 

F = A + KA + A,^\ (51) 
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The BRST generator is 

fl^cn'i,+pb (52) 

The BRST boundary conditions are given in table HI The sets Bm and B'^ consist of mixed Dirichlet and Robin 
boundary conditions with no tangential derivatives, whilst the set Be is first order in normal derivatives and contains 
tangential derivatives. These BRST boundary conditions can be generalised to antisymmetric tensor fields [24, 25], 
where the boundary conditions Bm and Set are equivalent to the relative and absolute boundary conditions used in 
the index theory of the de Rahm complex [3| . 

TABLE I. Homogeneous BRST boundary conditions for Maxwell theory in curved space with gauge-fixing function J" = Afj,''^. 
The field Ai is in the tangential direction, A in the normal direction and the ghost is c. 

Type fixes order zero order one 

Bm F,j,T a, = c = A + KA = Q 

Be F,„,T c = A + KA + AJ'=0 

Ai - K^Aj + = 

B'e F„„ a A=0 a, - K^Aj = 

c = 



B. Linearized gravity 



Linearized gravity forms the starting point for order h quantum gravity calculations based on Einstein gravity, as 
well as having wider applications to supergravity, low energy superstring theory and covariantly quantised strings 
and membranes. The Lagrangian density is obtained by decomposing the metric in the Einstein- Hilbert action into 
a background g^^, and a field 7^1/, 

gf,u + 2Kjf,i,, (53) 
where = 8ttG and G is Newton's constant. We also use a dual field 

= g^'^^^^^'^hpa, (54) 

defined by the DeWitt metric 

git^'^KP'^) ^ 1 (g^'Pg'"' + g'"'g''P - g^"'gP'') . (55) 
Keeping only the quadratic terms and integrating by parts gives the Lagrangian 

- lr'"'''l,.;p - g'^l.p'l.."' - iR^""^ + G^^gni.ulp^, (56) 

where G^v is the Einstein tensor. The prime is used in the same way as in the previous section to denote the fact 
that the primary constraint is not tt" = 0, and we will have to perform a canonical transformation to simplify the 
constraint before we can apply the boundary conditions Be- The BRST symmetry is 

sip.u = iDc)f^„ = c^.y + Cu-^. (57) 

The DeWitt metric leads to a adjoint operator Z?^ which is equivalent to the de Bonder gauge-fixing functional, 

^P^lpp"^-\{D^l)^- (58) 
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Near the boundary dA4 we need to decompose the metric fluctuation into tangential and normal components 
{lij^li^l) (see appendix). We can identify 7^ with the physical variables qi of the previous section, 7^ and 7 with 
the constrained variables qa- The momenta corresponding to 7; and 7 are 



-;i'J(27,fel" - 7|^^. - 71, + 2i^/7fc + 2i^7,), 
-7J^-if7 + i^^^7„-, 



(59) 
(60) 



where hij is the boundary metric. These equations for the momenta become the primary constraints. The canonical 
transformation which simplifies these constraints corresponds to adding a term e to the Lagrangian density. Eq. (|37p 
gives 



1 



e = 27X27,^!'= - 7|{ - 7|, + 2if,'=7fe + 2if7,) + -K^ - K'^-f,,j. 

The momentum tt*^ = dC q/djij — de/djij which appears in the boundary condition Be (see eq. (j38p ) is then 

= jij - h^OA/T _ 27(^1^) - 39*^7 + 2/^*^7fel^ 
where p*^ is the canonical momentum of the background, 



(61) 



(62) 



(63) 



Unsurprisingly, the momentum tt*^ has a physical interpretation in terms of the canonical decomposition of Einstein 
gravity. Let p^^ be the canonical momentum of the metric g^u = g^^i, + 2^7^^ on the boundary dM., then to first order 



(64) 



where tt'-' is given by (1621) . The boundary condition Be therefore corresponds to fixing the canonical momentum on 
the boundary. 

Boundary contitions B'^ only exist when the integrability condition Eq. ([50)) is satisfied, This restricts the extrinsic 
curvature to the special form Kij — nhij, for some n. The boundary conditons for linearised gravity which apply for 
any background are listed in table |lTl 

TABLE n. Homogeneous BRST boundary conditions for linearized gravity. The metric variation 7^^ and ghost have been 
decomposed into tangential and normal components, and 7"^ = 7i'. 



Type 



fixes 



order zero 



order one 



Be 



"/ij = c = Ci = 



c = Ci = 



7 - 7^ + 27J* + 2^-7 = 

7 + 7^7 - 2A"^7y = 
iij - 27(i|j) - Kij-y = 



IV. RESTORING STRONG ELLIPTICITY 



We now turn to the heat kernel of the BRST boundary value problem and the important issue of strong ellipticity. 
Consider the eigenvalue problem 



Pf = \f onM, 
Bf = on dM, 



(65) 
(66) 
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where P is a second order operator and B is a first-order differential operator matrix wliicli includes tangential and 
normal derivatives. EUipticity can be defined in terms of the leading symbols of the operators. The symbol of the 
operator P, denoted by (j{P, x, (), is constructed by replacing derivatives d/dx'^ by i^^. The leading symbol (Jl{P, x, () 
is obtained by keeping only the leading terms in (. The operator is elliptic if dct(TL(P, C) ^ for C 7^ 0. 

For the boundary value problem, we replace by the tangential and normal components k, Q and consider the 
leading order system, 



(jL{P,x,k,-idt)fL = >^.fL, t>0, 
aL{B,x,k,-idt)fL = 0, t^O. 



(67) 
(68) 



The boundary value problem is said to be strongly elliptic in C — R+ if there are no bounded exponential solutions to 
these equations with A S C — R^. The boundary value problem is elliptic if there are no bounded exponential solutions 
with A = 0. Strong ellipticity implies the existence of a complete set of eigenfunctions to the original boundary value 
problem. Their eigenvalues are real and can be placed in an unbounded sequence Ai < A2 . . . . 

The heat kernel K{x, x', t, P, B) for x,x' € A4 and r > is defined in terms of the normalised eigenfunctions /„ by 



K{X, X', T, P,B) = J2 fn{x)Ux)h 



-A„T 



(69) 



The sum converges if the boundary value problem is strongly elliptic, but it might not exist if the operator is not 
strongly elliptic. In the strongly-elliptic case, the integrated heat kernel can be written in the form, 



Trs (e-^^) = / K{x, x, r, P, B) dfi, 

J M 



where is the volume measure on the manifold. We also define the generalised zeta function by 



as) = E 



n=l 



where the prime denotes the omission of any vanishing eigenvalues. 

For BRST boundary conditions with gauge parameter ^ = 1, the equations for ellipticity become 



+ k') U = Ml, t>0, 



{Pd + PNdt + irk,) /i = 0, i = 0, 



(70) 



(71) 



(72) 
(73) 



where Pd and Pn are projection matrices and is a set of antihermitian matrices acting on Vn- The boundary value 
problem is strongly elliptic if the spectrum spec(iF*fci) C (—00, A;) [s^]. (The same condition applies for any gauge 
parameter ^ > 0.) 

TABLE III. The spectrum of the tangential term iV^ki in the boundary operator for different BRST boundary conditions. The 
eigenvector in the table is the eigenvector with eigenvalue k which makes the operator non-eUiptic. 



Field 



Type 



iVk, 



spectrum 



eigenvector 



Maxwell 
Gravity 
Gravity 



Bm 
Be 



iin^k" - k^n") 
i{n^ki,n''n'^ — 2n,,n^fc''n'^) 
i{2k^h,/n'' - 2n^K''k'' - n^k^S"") 



0, ±fc 
0,±fc 
0,±fc 



We can see from table Hill that, of the five sets of BRST boundary conditions considered so far, only those without 
tangential derivatives are strongly elliptic. The explanation for this lack of strong ellipticity can be seen when we look 
at bounded exponential solutions to the leading order equations when A = 0, 



/l = UL{k)e 



-kt 



(74) 
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where ul is the eigenvector with eigenvalue k given in the table. In each case, at leading order, these are gauge 
transformations 

fL = cJLiD,x,k,~idt)vLik)e~''\ (75) 

for some vl- We should therefore examine whether these correspond to an infinite set of zero modes Pf = 0. If so, 
we can define the heat kernel using only the non-zero modes, which we will denote in the usual way by a prime, 

oo ' 

K'{x,x',T,P,B) = Ux)Uxye-^-\ (76) 

n=l 

This can be used to define the trace Tr' and the generalised zeta function by 

If the bounded exponential solutions do not correspond to zero modes, then their contribution to the generalised zeta 
function has to be taken into account. 



A. Maxwell theory 



For Maxwell theory, the gauge derivative D is the same as the exterior derivative d. The boundary conditions Be 
fix components of the field and the divergence S A on the boundary, so that any Maxwell field of the form 

A = da, dUa = 0, (78) 

satisfies the boundary conditions Be- The second-order operator acting on the Maxwell field is 

P = dU + (,dd\ (79) 

The Maxwell field (f78| is therefore a zero mode of P. Note that a is unspecified on the boundary dM-. A set of zero 
modes can be constructed by specifying a basis of functions on the boundary and solving the inhomogeneous Dirichlet 
problem. 

We can prove the existence of the heat kernel K'{x, x' , t, P, Be), obtained from the non-zero modes, by considering 
a Hodge decomposition of the Maxwell fields. There are two types of non-zero modes which satisfy the boundary 
conditions Be, 

— 1/2 

1. Exact: /„ — A„ dun, where PcCtn — A„a„ and a„ = on dM. 

2. Co-closed: d^ fn — 0, where Fin = on dM. 

In the co-closed case, part of the boundary condition is redundant because it is enforced by the Hodge decomposition. 
This allows us to relate this boundary value problem to another one B'^ (see table H]). Again, we use a Hodge 
decomposition of the modes, 

— 1/2 

1. Exact: /„ = A„ dun, where Pc a„ — A„a„ and dn = on dM. 

2. Co-closed: = 0, where Fin — on dM. 

The co-closed modes for the two sets of boundary conditions are identical, whereas the exact modes come from 
Dirichlet scalars Bd in the first case and Neumann scalars Bjv in the second. If we split the mode sums into exact 
and co-exact mode sums, then there are no problems defining K' (x, x' , t, P, Be) now that it is determined by the heat 
kernels of strongly elliptic boundary value problems. For example, the integrated kernel, 

Tr^^ (e-^^) = Tre^ (e"^-) - Tr^^ [e'^^^) + Tr^^ [e'^^^) . (80) 

There is a nice physical interpretation of this result which arises when we combine the fields and the ghosts together 
into the supertrace. Let A — {P,Pc), then 



STre (e-^-) = Trg (e"^^-) - Tr^ (e"^^-) 



(81) 
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The supertrace determines the properties of the quantum theory of gauge fields in the-one loop approximation. By 
comparing the ghost boundary conditions in Be and B'^, and using Eq. (j80p . we have 

STr^, (e-^-) ^ STr^.^ (g-^^ • (82) 

Therefore the physical properties of the one-loop quantum field theory derived from the non-elliptic BRST boundary 
conditions Be hy omitting the zero modes are the same as the one- loop quantum field theory derived from the 
strongly-elliptic BRST boundary conditions B'e- 



B. Linearized gravity 

We shall repeat the preceding analysis for linearized gravity with the BRST boundary conditions Be- These 
boundary conditions fix the momentum tt*^ given in Eq. (|62|) . To construct a zero mode, we first calculate the BRST 
variation of tt'-' , 

STT,, = -c|y + h^.c^k" - K^\c''>^'' + K'"^'ck^'\ (83) 

A pure gauge field Dc will satisfy the boundary condtions Be if siTij = 0. A sufficient condition is that c = and 
C[i\j] = on the boundary, leaving us free to pick one function a on the boundary, where Ci = a\i. The linearized 
gravity operator is given by 

Pl^P,+^DDK (84) 

Now PqDc = by gauge invariance, thus Dc is a zero mode provided that 

PcC = D'^Dc = 0. (85) 

This is an inhomogeneous Dirichlet problem and we have a solution for each choice of the arbitrary function a on the 
boundary. 

The zero modes correspond exactly to the bounded exponential solutions of the leading order equations (I68p . If 
a ~ exp(ifc • x), then 

fL=aL{Dd,,x,k,-idt)e-''\ (86) 

make up the infinite set of bounded exponential solutions with the eigenvector given in the last column of table IIIII 
The eigenvalue problem for the non-zero modes can be solved purturbatively to find asymptotic expansions to the 
eigenfunctions and the eigenvalues for large k. Provided that the non-zero eigenvalues form an unbounded sequence, 
then the heat kernel K'{x, x' , t, P, Be) constructed from the non-zero modes will be well-defined. 

In the Maxwell case it was possible to relate the boundary conditions Be to a. strongly elliptic BRST invariant 
boundary value problem. We can only do this also for linearised gravity for a restricted class of backgrounds where 
there is a strongly elliptic BRST invariant boundary value problem. Consider, for example, the case where the 
extrinsic curvature is proportional to the surface metric, 

Kij = nhij (87) 

The BRST boundary value problem for these backgrounds was found in Ref. [22j . 

B'e : % - K,,-f = 0, 7 + - K-f'^ = 0, 7, = 0, q - K,^c, - 0, c = 0. (88) 

As in the Maxwell case, the two sets of boundary conditions can be related by dividing the modes into the image of 
D and the kernel of D^, with the result that 

STr^^ = STrg^ {e'^^) . (89) 

For backgrounds with Kij ^ nhij we can evaluate the reduced trace directly, or construct an asymptotic expansion 
for small r. The leading order behaviour in r can be determined by restricting the heat equation for large k to the 
eigenspace orthogonal to the gauge zero-mode, 

{-d^ + k^) K'{x,x' ,T,P,B) =0, t>0, (90) 

PD+PNdt+tr'k^) K'{x,x',T,P,B) ^0, t^O, (91) 
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where iV^'ki is restricted to remove the eigenvector listed in table Hill The techniques used in Ref. Q can then be 
applied to find the leading term in the expansion of the reduced trace. 

We turn finally to the boundary conditions Bm which fix the field 7ij on the boundary. A pure gauge mode would 
have to satisfy 57^ = 0, 

cm + K^JC = 0. (92) 

In the special case Kij — 0, we have solutions c,; — for any function c on the boundary. As before, these correspond 
to the bounded exponential solutions to the leading order system of equations. However, for the more general case 
Kij = Khij, there are at most a finite number of solutions corresponding to conformal killing vectors of dAi and the 
origin of the non-ellipticity in this case does not lie in the gauge modes. This case has been investigated for spherical 
backgrounds @, [26l [27| , where it appears that the heat kernel diverges for points on the boundary, but nevertheless 
the generalised zeta function C(s) exists and can be analytically continued to s = 0. 

V. CONCLUSION 

We have seen that non-ellipticity is a common feature in BRST invariant boundary value problems and it can be 
associated with a residual gauge invariance. The reduced heat kernel, constructed by leaving out the gauge zero 
modes, is consistent with BRST invariance and can be used to calculate one-loop phenomena in quantum gauge 
theories with boundaries. We found examples where this procedure gives results which are equivalent to strongly 
elliptic BRST boundary value systems. 

A knowledge of the leading terms in an asymptotic expansion of the reduced heat kernel for small r would be 
an important step on the way to exploring one-loop phenomena for gauge theories with boundaries. We have good 
control of the leading order behaviour of the gauge zero modes, and hence removing them to obtain the leading term 
in the asymptotic expansion is straight-forward. Finding explicit expressions for the subsequent terms is a challenging 
objective for future work. 

We have found a new set of BRST invariant boundary conditions for quantum gravity which fix the extrinsic 
curvature at the boundary. These provide an example of a system with a residual gauge invariance were the reduced 
heat kernel can be used to define an effective action. Boundary conditions of this type are consistent with local 
supersymmetry and arise in supergravity theories [s^ [sj] . 

Applications of quantum gravity to quantum cosmology and the Hartle- Hawking state usually have a fixed boundary 
geometry. The generalised zeta function exists when the background is a sphere with boundary 6;, i26i, i27i]. However, 
there are at most a finite number of gauge zero modes in the BRST-invariant boundary value problem, and an 
understanding of non-ellipticity in this case remains elusive. 



Appendix A: Tangential decompositions 

Consider a manifold Ai with boundary dA4, tangential vectors e^'^ and inward unit normal n^. Indices i and n 
will denote projection in the tangential and normal directions respectively. The covariant derivative ';' on A4 induces 
a covariant derivative '|' on the boundary dM and the extrinsic curvature Kij = ntj. The normal derivive will be 
denoted by a dot, and we choose an extension of the normal vector so that ri'^ = at the boundary. 



1. Covectors 

For a covector A^, let Ai = e^^A^ and A — n^^A^. The components of the covariant derivatives are 



Ai-j 




+ K,jA, 


(AI) 


An-j 


= A.~ 


' Ki'' Aj, 


(A2) 


A - 


— Ai, 




(A3) 


A 


= A. 




(A4) 



The gauge fixing function J' — Af^''-'- is therefore 



T ^ A + A^^' + KA. 



(A5) 
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For the Laplacian, 

A,,^>' = + A,|/' + KA, - KK^Aj - K^Kj'^Ak + K,, \^ A + A\j - Aj , (A6) 
An-^^ = A + + KA- K'^A\j. (A7) 

2. Symmetric tensors 

For a symmetruc tensor j^i,, let jij = ei'^ej'^j^i/, 7i — e.i'^n'^j^u and 7 = 11^11^^^^^. The components of the covariant 
derivatives are 

•Kkiao). (A8) 
y7-/s:iSfcj, (A9) 
.^7.-, (AlO) 

(All) 
(A12) 
(A13) 

The decomposition of the gauge-fixing function J^j = 7pp''' is, 

= 7, + i^,^7j- + + 7,y - ^7'^,, - ^71,, (A14) 
- ^7 - ^7^^ + 7.'' + ^7 - if ''^7^j, (A15) 



7ij:k 










= - 












= 7. 



where 



7 =7* 
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